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 Introduction-1

EECS 517 (NERS 578). Physical Processes in Plasmas 
 Fall 2010 - TuTh 10:30 AM - 12:00 PM - 1012 EECS  

 
Instructor: Mark J. Kushner 

 2236 EECS Building (734-647-8148) 
 Office Hours:  Afternoons or by appointment 
 e-mail:  mjkush@umich.edu  

 
Grader-Teaching Assistant:   To be announced 
 
Goals of Course:   This course addresses the fundamental science and the technology of low 
temperature, partially ionized, non-equilibrium plasmas.  This class of plasmas is used, for 
example, for etching and deposition of materials, surface treatment, lighting sources, flat panel 
displays, welding, laser ablation, lasers and biomedical applications.  These plasmas are also 
naturally occurring, such as the aurora, shock waves and lightning.  The objectives of this course 
are to first provide a foundation of the fundamentals of electron-atom collisions, electron and ion 
transport and the different ways in which low temperature plasmas are created.  After providing 
this foundation, the course will apply those fundamentals to study of technologies which use 
partially ionized plasmas, with examples taken from lasers, plasma materials processing, lighting 
sources and plasma medicine. 
 
Grading Policy:   The field of low temperature plasmas is intrinsically interdisciplinary.  The 
linkages between the supporting fields are best appreciated by problem solving in a real-world 
context.  As a result, one will not be able to fully benefit from the course without putting a good-
faith effort into the homeworks.  To acknowledge the importance of homework, it is being 
heavily weighted in the grading policy.  The grading policy will be: 
 

Homework 30% 
Mid-Term Exam 30% 
Final Project 30% 
Instructor's discretion 10% 

 
Instructor's discretion includes my qualitative assessment of students' effort towards the course 
(e.g., class attendance and participation).  
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Texts:  
 
Required: M. Lieberman, Principles of Plasma Discharges and Material Processing, 2nd 

  Edition (Wiley, New Jersey, 2005) 
 
Optional Text: A. Friedman and L. A. Kennedy, Plasma Physics and Engineering 
 (Taylor and Francis, New York, 2004) 
 
Note that both of these texts are available electronically through a subscription by the UM 
Engineering Library.   
 

"Principles of plasma discharges and materials processing" can be accessed online at 
http://proxy.lib.umich.edu/login?url=http://www.myilibrary.com?id=25507 
 
"Plasma physics and engineering" can be accessed online at 
http://proxy.lib.umich.edu/login?url=http://www.myilibrary.com?id=34790 

 
Course Website:   The course website will be located at "http://uigelz.eecs.umich.edu  
Classes  EECS 517 ".  The materials that will be posted on the website include: 
 

1. Introductory materials 
2. Homework assignments 
3. Handout Packages (Note that some, but NOT ALL of the handouts can also be 

downloaded individually!)  
4. Class announcements (such as cancellations, rescheduled classes, exam dates) 
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Course Map 
 

"Gaseous Electronics is the study partially ionized gases and their application 
to technologically relevant devices." 

 

MICROSCOPIC       MACROSCOPIC 
 
Electron collisions 
 
  Cross sections, rate coefficients 
 
   Gas discharge theory 
   Electron production, loss 
   Sheaths 
   Electron distribution functions 
   Transport coefficients 
 
    Low pressure dc discharge devices 
 
     High pressure discharges and 
     e-beam pumped plasmas 
 
      rf and microwave discharges 
 
       Diagnostics 
 
        Applications: 
        Plasma etching 
        Toxic Gas Remediation 
        Special Topics 
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Syllabus and Reading Assignments  (Version 01) 
Reading assignments in Lieberman are required.  Others are recommendations for background. 

Reading Assignments 
(Chapters or sections) 

Unit 

 
Topic 

Lieberman Fridman 
I. Introduction 

 
1 1 

II. Electron Collisions 
 

3,8 
Appendix A 

2,3 

III. Cross Sections and Rate Coefficients 
 

3,8 2,3 

IV. Gas Discharges 
 

2 7 

V. Electron Continuity Equation, Diffusion, Production, Loss 
 

2,5 4.5 

VI. Sheaths 
 

6.1-6.5 
Handouts 

6.1 

VII. Electron Distribution Functions 
 

2, Appendix B 4.1-4.2 

VIII. Transport Coefficients 
 

5 6 

IX. Low Pressure DC Discharges 
 

10,14 7.12-7.8 

X. High Pressure Discharges and Electron Beam Pumped 
Plasmas 

Handouts 12 

XI. RF and Microwave Discharges 
 

11,12 10.5-10.6, 
10.9 

XII. Fully Ionized Plasmas 
 

4, Handouts  

XIII. Magnetic Fields in Discharges 
 

4 6.2 

XIV. Inductively Coupled Plasmas 12 10.7 
XV. Diagnostics 

 
6.6  

Applications and Special Topics (to be selected by class)   
a. Plasma Etching/Deposition/Surface Chemistry 7 , 9, 15, 16  
b. ECR and Helicon 13.1,13.2 10.8 
c. Plasmas in Liquids Handouts  
d. Plasma Medicine Handouts  

XVI. 

e. Dielectric Barrier Discharges Handouts  
Required: M. Lieberman, Principles of Plasma Discharges and Material Processing, 2nd 

  Edition (Wiley, New Jersey, 2005) 
Optional Text: A. Friedman and L. A. Kennedy, Plasma Physics and Engineering 
 (Taylor and Francis, New York, 2004) 
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Class Schedule (Version 02) 
The class schedule is listed below.  Due to my travel commitments this Fall, we have scheduled 
alternate makeup lectures on Friday afternoons. The times and locations of the alternate classes 
are: 
 
Alternate Classes: 
 

Date Time Room 
17 Sept. 4:00 – 5:30 pm DOW 1018 
24 Sept. 4:00 – 5:30 pm DOW 1018 
1 Oct. 4:00 – 5:30 pm DOW 1018 
15 Oct. 4:00 – 5:30 pm EECS 1012 
29 Oct. 4:00 – 5:30 pm EECS 1012 
5 Nov. 4:00 – 5:30 pm EECS 1012 

 
Class Schedule: 
 
Class Day Date Comment Approximate (!) Topic (See Syllabus for 

Reading Assignment) 
1 T 7 Sept.  Introduction 
2 Th 9 Sept.  Electron Collisions 
3 T 14 Sept.  Electron Collisions 
4 Th 16 Sept.  Cross Sections and Rate Coefficients 
5 F 17 Sept. Alternate Class Cross Sections and Rate Coefficients 
 T 21 Sept. MJK Travel  
 Th 23 Sept. MJK Travel  
6 F 24 Sept. Alternate Class Gas Discharges 
7 T 28 Sept.  Electron Continuity, Diffusion, Sources 
 Th 30 Sept. MJK Travel  
8 F 1 Oct. Alternate Class Electron Continuity, Diffusion, Sources 
 T 5 Oct. MJK Travel  
 Th 7 Oct. MJK Travel  
9 T 12 Oct.  Electron Continuity, Diffusion, Sources 
10 Th 14 Oct.  Sheaths 
11 F 15 Oct. Alternate Class Electron Energy Distributions 
 T 19 Oct. Fall Study Break  
 Th 21 Oct. MJK Travel  

12 T 26 Oct.  Electron Energy Distributions 
13 Th 28 Oct.  Transport Coefficients 
14 F 29 Oct. Alternate Class Low Pressure DC Discharges 
15 T 2 Nov.  Low Pressure DC Discharges 
16 Th 4 Nov.  High Pressure and e-beam pumped plasmas 
17 F 5 Nov. Alternate Class High Pressure and e-beam pumped plasmas 
18 T 9 Nov.  RF Discharges 
19 Th 11 Nov.  RF Discharges 
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20 T 16 Nov.  Fully Ionized Plasmas 
21 Th 18 Nov.  Magnetic Fields in Discharges 
22 T 23 Nov.  Magnetic Fields in Discharges 
 Th 25 Nov. Thanksgiving 

Recess 
 

23 T 30 Nov.  Inductively Coupled Plasmas 
24 Th 2 Dec.  Diagnostics 
25 T 7 Dec.  Special Topics – or Project Presentations 
26 Th 9 Dec.  Special Topics – or Project Presentations 

 M 13 Dec. Final Project 
Due (5:00 pm) 
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Supplementary Texts and References 
**= On Reserve at UM Engineering Library 

 
J. R. Roth    Industrial Plasma Engineering. Vol 1 & 2  ** 
 Practical view of low temperature plasma physics from 

an engineering perspective. 
 
A. Fridman and L. A. Kennedy Plasma Physics and Engineering   ** 
 Comprehensive text on low temperature plasmas 
 
A. Fridman    Plasma Chemistry     ** 
 Physics of low temperature plasmas and application to gas 

phase and surface chemistry. 
 

C. K. Birdsall and A. B. Langdon Plasma Physics via Computer Simulation   ** 
 Introductory text on the use of Particle-in-Cell simulations 
 for modeling plasmas. 
 
M. Mitchner Partially Ionized Gases  ** 
 Mostly for fully ionized plasmas but good treatment of sheaths, 
 continuity equations, and electron-ion collisions. 
 
G. Bekefi Principles of Laser Plasmas  
 Specialty items such as recombination, discharge stability and 
 vibrational excitation. 
 
L. M. Biberman, et al. Kinetics of Nonequilibrium Low-  
  Temperature Plasmas 
 Good general reference but difficult to read. 
 (Russian Translation) 
 
S. C. Brown Basic Data of Plasma Physics  
 Classic text for most topics. 
 
B. Chapman Glow Discharge Processes  
 Good “gut level” monograph.  Good source for RF discharges. 
 
F. F. Chen Introduction to Plasma Physics  
 Fully ionized plasmas with good treatment of Debye lengths, and 
 magnetic field effects. 
 
B. Cherrington Gaseous Electronics and Gas Lasers  
 Good basic introduction. 
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J. Cobine Gaseous Conductors  
 Extremely empirical treatment of topics but good presentation. 
 (You can learn something from this book on the first reading.) 
 
L. Huxley Diffusion and Drift of Electrons in Gases  
 Advanced monograph on Boltzmann Equation and Transport 
 Coefficients. 
 
U. Kortshagen Electron Kinetics and Applications of Glow  
  Discharges 
 Proceedings of NATO Workshop. Very good overview articles 
 
L. Loeb Basic Processes of Gaseous Electronics  
 Classic and comprehensive text. 
 
D. Manos and D. Flamm Plasma Etching:  An Introduction  
 Compilation on methods in plasma processing. 
 
T. Mark Electron Impact Ionization  
 Thorough treatment of electron impact collisions producing ionization 
 
E. McDaniel Ion Molecule Reactions  
 Advanced monograph on reactions between ions and neutral 
 atoms/molecules.  Good tables of reaction rate coefficients. 
 
L. C. Pitchford, et al. Swarm Studies and Inelastic Electron-  
  Molecule Collisions 
 Compilation of papers on fundamental studies in nonequilibrium  
 electron transport and obtaining cross sections from swarm data. 
 
Y. Razier Gas Discharge Physics  
 If you are going to buy a second text, get this one.  It has all the 
 material that’s important, but is difficult to read. 
 
Y. Razier Radio Frequency Capacitive Discharges 
 Exhaustive treatment of this important discharge device 

for plasma etching. 
 
S. Rossnagel Handbook of Plasma Processing Technology  
 Compilation of papers on basics of plasma etching and  
 deposition. 
 
B. M. Smirnov Physics of Ionized Gases  
 Good general reference but difficult to read. 
 (Russian Translation) 
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A. von Engel Ionized Gases  
 Collection of lectures given at Oxford. 
 Considered a classic for introduction to field. 
 
A. von Engel Electric Plasmas; Their Nature and Uses  
 Simplified view of gas discharges but good introduction. 
 
J. Waymouth Electric Discharge Lamps  
 Defining text for fluorescent lamp physics. 
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Projects 
 In lieu of a final exam, there will be a final project.  The project should consist of 
developing a model for, or performing an in depth analysis of, a low temperature plasma or 
electric discharge system.  Some possible choices of electric discharge systems are: 

 Plasma processing reactors  Sputter deposition reactors 
 Fluorescent lamps  E-beam pumped systems 
 He-Ne, excimer, CO2 lasers  Arc jets and plasma thrusters 

 The project should include a literature search to provide you with background on how 
these devices operate and to see how other researchers have analyzed them.  Some of the models 
which appear in the literature are quite involved and complex.  The intent of the project is not for 
you to duplicate the complexity of those models.  Rather, the intent is to give you some sense of 
how the device and the "final product" (e.g., laser power, deposition rate, etch rate) scales.  Your 
model should have at least the degree of sophistication of our homework assignments but should 
include real device parameters.  For example, use the actual gas pressures, gas mixtures, 
dimensions, cross sections, currents, and voltages.  (Note, you can obtain the real cross sections 
for the majority of cases of interest by request from M. Kushner.) 
 Your final project deliverables will consist of the written report and, optionally, a 
presentation to the class.  The limit on length is 25 pages, though 25 pages are not required.  
(Fewer pages of higher quality are preferred.)  Please include a description of the discharge 
system, how you have analyzed it, the scaling laws you developed and a discussion of what you 
have learned.  Generously use plots to display parametric results.  Your analysis might include 
issues such as: 

 Electron densities  Electron or ion energy distributions 
 Electron and ion temperatures  Efficiency of producing the "product" 
 Current density, power 

deposition, operating E/N 
 Densities of excited states. 

 Etch or deposition rates  Spectrum of emitted light. 
 
Due dates: Optional Oral presentations: December 7 & 9, 2010 
  Report: Monday, December 13, 2009, 5:00 PM 
    Paper copy to Prof. Kushner office, PDF copy to 
     mjkush@umich.edu 
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Units and Best Practice 
 
 Units prove to be a confusing aspect of this course.  The units which are commonly in use 
in the field are the "standard" for this course.  Unfortunately, the units are "mixed" (that is, a 
mixture of cgs and mks).  Some useful conversion factors are listed below.  Some best practices 
you should follow are: 
 
1. ALWAYS perform a units analysis and perform a "sanity" check to determine that your 

answer is reasonable.  In most cases, "unreasonable" answers are a result of unit problems. 
For example, if your answer is that the argon ion density in a plasma etching reactor is 1050 
ions/cm3, your answer is unreasonable and you probably have a units problem.  You know 
your answer is unreasonable since if the density is really 1050 argon ions/cm3, the mass of 10 
cm3 of the plasma would be equal to twice the mass of the earth. 

 
2. Never, ever be confused by expressing temperature in Energy Units (or vice-versa).  

Temperature in Energy Units ALWAYS Means 
 

T (eV)  kT (eV) 
 
3. Unless specified otherwise, you final answers in homework problems should be expressed in 

the following units. 
 

Electron energies or temperatures eV 
Atomic or molecular energies or temperatures K or eV 
Lengths cm 
Electron, atomic or molecular masses AMU or g 
Electron, atomic or molecular speeds cm/s 
Cross sections cm2 or A2 
Mobilities cm2/V-s 
Diffusion coefficients cm2/s 
Rates coefficients (1st, 2nd, 3rd order) s-1, cm3/s, cm6/s 
Electric fields V-cm-1 
Normalized Electric Fields V-cm-2 or 

Td (10-17 V-cm2) 
Densities cm-3 
Power W 
Power deposition (specific) W-cm-3 
Current density Amps-cm-2 
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Useful Conversion Factors 
 

k = 1.38 x 10-16 erg/K = 1.38 x 10-23 J/K 
 

1 eV = 1.6 x 10-12 ergs = 1.6 x 10-19 J  11,594.2 K 
 

q = e  = 1.6 x 10-19 C (coulomb) = 4.8 x 10-10 esu 
 

1 V = 1 J/C  = 107 erg/C 
 

o = 8.85 x 10-12 [F/m or C2/m-J]  = 8.85 x 10-14 [F/cm or C2/cm-J] 
 

me (electron mass) = 0.911 x  10-27 g =  0.911 x 10-30 kg 
 

E/N:  1 Td (Townsend) = 10-17 V-cm2 = 10-21 V-m2 = 0.354 V/cm-Torr at (T = 273 K) 
 

1 Å2 = 10-16 cm2 = 10-20 m2 
 

1 atm = 760 Torr = 1.013 bar 
 

Gas Density:  N =  
P

kT   = 9.654 x 1018 
P(Torr)
T(K)    cm-3 

 
1 m3 = 106 cm3 
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Useful Relationships 
 

Electron speed for energy  :   v =
2/1

2









em
  = 5.93 x 107 ((eV))1/2 cm/s 

 

Average electron thermal speed for temperature Te:  v = 
2/1

8









e
e

m
kT


= 6.69 x 107 (Te(eV))1/2 cm/s 

 

Debye Length:  D =    cm
cmn

eVT

qn

kT

qn
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     mks     cgs 
 
Plasma Frequency: 

  p (radian/s)  =   
s

radianscmn
m

qn
m

qn
e

e
e

oe
e 2/134

2/122/12
1064.54 




























 


 

      mks        cgs 
 

Rate coefficient:   














s
cmk

3
=  <  • v >  (e.g. (e.g. kNn

t
N

e

 ))  

    = cross section cm2       v =  velocity cm/s 
 

Conductivity:    =  
  cms

cmn
m

qn

m

e
me

e






 11081.2 1

3
4

2


  

m = electron momentum transfer collision frequency 
 

Electron Mobility:   µe =   sV
cm

sm
q

mme 





2

1

1510756.1


 

 







Copper and Neon Energy Levels

Typical Pulsed Power Circuitry
Laser Parameters During Discharge
Current Pulse

Model

Experiment

cvl_parameters



Gaseous Electronics Conference Reference Cell





M. A. Vyvoda et al, "Effects of plasma conditions on the shapes of features etched
in Cl2 and HBr plasmas: I. Bulk crystalline silicon etching", J. Vac. Sci. Tech. A
16, 3247 (1998)
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UNIVERSITY OF ILLINOIS
OPTICAL AND DISCHARGE PHYSICS

300 mm ETCH TOOL:
ELECTRIC FIELD, POWER, ION DENSITIES

24 2412 120
RADIUS (cm)

0

13

26

ELECTRIC FIELD
[11.5 V/cm, 2 dec]

POWER DEPOSITION
[0.48 W/cm 3, 2 dec]

• Ar/Cl2/BCl3 = 1/1/1,
  10 mTorr, 600 W ICP,
  100 V bias, 150 sccm

24 2412 120
RADIUS (cm)

0

13

26
Cl+ [max = 8.5(10)] Cl2+ [max = 4.2(10)]

SRC96M47



UNIVERSITY OF ILLINOIS
OPTICAL AND DISCHARGE PHYSICS

300 mm ETCH TOOL:
PRECURSORS, ETCH PRODUCTS

• Ar/Cl2/BCl3 = 1/1/1,
  10 mTorr, 600 W ICP,
  100 V bias, 150 sccm

24 2412 120
RADIUS (cm)

0

13

26
Cl [max = 1.3(14)] SiCl, SiCl 2 [max = 4.8(13)]

24 2412 120
RADIUS (cm)

0

13

26
BCl3+, BCl 2+ [max = 8.7(10)] SiCl2+, SiCl + [max = 1.1(10)]

SRC96M98
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0

Trikon MORI Helicon Plasma Etching Tool



 
 
 

Electric field (top) and electron temperature (bottom) in a helicon 
plasma tool operating in 10 mTorr of Ar.  





 
6 kV, 12.5 kV, 25 kV 

 

 
25 kV 

 

 
25 kV (0.8 ns resolution) 

 
Streamers in a 25 mm air gap 

 
 

(Ref: E. M. van Veldhuizen, P. C. M. Kemps and W. R. Rutgers) 



 
Discharges in Air: (top) negative glow, (middle) glow, (bottom) spark 

 
(Ref: O. Goossens, T. Callebaut, Y. Akishev, A. Napartovich, N. 

Trushkin and C. Leys) 



 
 

 
 

Glass Sphere Dielectric Barrier Discharge for Ozone Production 
(top) 4 mm gap, 3 mm spheres,  (bottom) 10 mm gap, 2 mm spheres 

 
(Ref: A. B. Murphy and R. Morrow) 





Atmospheric Pressure dc Discharge in He
I. Alexeff and M. Laroussi, Trans. Plasma Sci. 30, 174 (2002)

atm_he_discharge_tps_63





PLASMA DISPLAY PANEL

Mitsubishi "Leonardo" 40-inch Plasma Display Panel



UV Starter

Quartz Arc Tube

Glass Shroud

Electrode

Electrode

Socket

Osram-Sylvania - Metal Halide Lamp

Osram Sylvania "Metalarc Pro-Tech MP-175"

Osram-Sylvania Compact Fluorscent Lamp





LARGE AREA PLASMA PROCESSING SYSTEM (LAPPS)-AGILE MIRROR (NAVAL RESEARCH LAB)

A low pressure (10s - 100s mTorr) chamber is placed in a solenoid to
produce an axial magnetic field.  A low plasma is produced by a
cold-cathode electron beam alinghed with the magnetic field.  A
planar, low temperature plasma is produced.

Top left - Schematic of LAPPS system

Top right: LAPPS apparatus

Bottom left:  Earlier version of LAPPS used as an agile microwave
mioor. Agile mirror is shown in its low pressure chamber with the
magnetic field coils. The 50 cm x 50 cm x 1 cm plasma distribution
has a density sufficient to reflect 10 GHz microwaves fed by the
antenna on the right.







Laser Generated Plasma
(1019 < [e] < 1020 cm-3)

J. F. Camacho, D. E. Bliss and S. M. Cameron,
Trans. Plasma Sci. 30, 42 (2002)

laser_produced_plasma_tps_92





423 Rela Betw 1/96 1

RELATION BETWEEN CROSS SECTION,
FLUX, RATE OF COLLISION, AND RATE COEFFICIENT

Consider a single atom with cross sectional “area” of σo cm2.  If electrons with energy ε

randomly pass through a plane of area A, then

the probability of any one single electron

passing through area A of hitting the atom is

P1 = 
σo
A    

Now if the total number of electrons with energy ε passing through A per second is γ, then the

rate of    all electrons    with energy ε hitting a    sin    g   le     atom is

R1 =  γ P1 1s   =  γ 
σo
A    =  

γ
A

 
 

 
  σo  =  φ σo 

1
s

where the electron flux φ #
cm2-s

 
 

 
 

 is the number of electrons passing through the plane per unit

area.

Now if there are NT total atoms in a volume V then the total rate of collisions of    all

   electrons    striking    all atoms    per unit volume is

R2 =  R1
NT
V

 
 

 
 

1
cm3-s

   =  R1 N 
1

cm3-s
 ,  N  =  

NT
V  

1
cm3

 

=  φ σo N 
1

cm3-s
 

where N is the number density of atoms.

So finally the rate at which a    sin    g   le        electron     with energy ε strikes a    sin    g   le        atom      per unit

volume (nT total electrons with energy ε in V) is

R3 =  R2 1
nT
V

 
 

 
 

NT
V

 
 

 
 

 
cm3

s    =  
φ σo N

nN    =  
φ σo

n   
cm3

s  ,
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where nT is the total number of electrons in volume V having energy ε, and where n = 
nT
V1

cm3
 
 

 
  is the number density of electrons at energy ε.

The flux of electrons at energy ε is

φ(ε) = n(ε) 2ε
me

 
 

 
 

1/2
= n(ε)v 

#
cm2-s

   

where v = 2ε
me

 
 

 
 

1/2
is the electron velocity, so

R3(ε) =  
φ(ε) σo(ε)

n(ε)   =  σo(ε)v 
cm3

s  .

With these definitions, the average rate at which a    sin    g   le        electron     strikes a    sin    g   le        atom      per unit

volume for an entire distribution of electron energies is

k = f(ε)R3(ε)dε
0

∞
∫ = f(ε) σo(ε) 2ε

me

 
 

 
 

1/2
dε

0

∞
∫ cm3

s

= < σo v >

where k = electron impact rate coefficient  cm3

s
 
 

 
 

f(ε) = electron energy distribution function (eV–1) normalized as

f(ε)dε
0

∞
∫ =1

Example: The time rate of change of electron density due to

electron impact ionization collisions is

dne
dt

1
cm3-s

 
 

 
 = 

Rate of ionizing
collisions per unit
volume of a single
electron with a
single atom

 

 

 
 
 

 

 

 
 
 

×
Number of
electrons
per unit volume

 

 
 

 

 
 ×

Number of
atoms
per unit volume

 

 
 

 

 
 

kI  
cm3

s
 
 

 
 ne  

1
cm3

 
 

 
 N  1

cm3
 
 

 
 

= ne kI N  1
cm3-s

 
 

 
 





IDEAL MOLECULE CROSS SECTIONS
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Derivation of 
Superelastic Cross Section 

 
A “superelastic” collision (or collision of the second kind) occurs when an electron de-excites a 
higher lying state.  In doing so, the electron gains energy 
 
 Inelastic Superelastic 
 
 e + N → N* + (e − ∆ε)  e + N* → N + (e + ∆ε) 
 
where ∆ε is the energy loss (inelastic) or energy gain (superelastic) resulting from the collision.  
The superelastic cross section is obtained from the excitation cross section through the Klein-
Rosseland formula. 
 
 Assume we have two atomic levels 
 
 
ni = density of level 
gi = degeneracy 
Ei = energy of level 
∆ε = E2 − E1 
σ12 = excitation cross section 
σ21 = superelastic cross section 
 

n2, g2

n1, g1

E2

E1

σ12 σ21

 
 
For a Maxwell Boltzmann electron energy distribution the number of electrons in (ε, ε + dε) is 
proportional to 
 

εε






 ε−
=εε d

kT
expKd)(f 1/2

e

 

 
where K is a constant.  The total rate of excitation of n2 by these electrons is  
 

scm
#d)(f

m
2n)(Kd)(R 3

1/2

e
11212 εε







 ε
εσ=εε  

 
The total rate of de-excitation is 
 

scm
#d)(f

m
2n)(Kd)(R 3

1/2

e
22121 εε







 ε
εσ=εε  

 



If there is only one inelastic process, then electrons can only enter (ε, ε + dε) with ε < ∆ε by 
suffering inelastic collisions from higher energies, and can only leave (ε, ε + dε) by suffering 
superelastic collisions. 
 

INELASTIC

ε + dε

ε + ∆ε

∆ε

0

ε

SUPERELASTIC

ε + dε + ∆ε

 
 
So in the steady state we must have the rate of population and depopulation of (ε, ε + dε) be 
equal.   
 






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
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





 ε∆+ε
ε∆+εσ 1/2

e
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e
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)(exp
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e
221 kT
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





 ε
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





 ε∆−








ε
ε∆+ε

ε∆+εσ=εσ
e2

1
1221 kT

exp
n
n

)()(  

 

If we are in equilibrium then 






 ε∆−
=

e1

2

1

2

kT
exp

g
g

n
n  so 

 

)()( 12
2

1
21 εεσ

ε
εεεσ ∆+






 ∆+

=
g
g  

 
σ21(ε) is always nonzero for ε > 0 since σ12(ε + ∆ε) is nonzero.   
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ANALYTIC EXPRESSIONS FOR ELECTRON IMPACT CROSS SECTIONS 
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Born cross section for elastic collisions: 
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For electron scattering on helium, ( ) ( )
2

16

13.0
1014 cm
eV +⋅

×
=

−

ε
εσ  

 
Coulomb cross section for electron-ion collisions: 
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Electron-ion collision frequency for a Maxwellian electron energy distribution 
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Drawin expression for Born-Bethe electron impact excitation cross section: 
 
For excitation of state j (higher energy) from state i (lower energy) having energy separation ijE  
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4 2
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ijij βα and are atomic constants depending on the i,j with values of order 1. 

 
 
Drawin expression for electron-impact ionization: 
 
For ionization of atom or molecule with ionization potential IE  
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Gryzinski expression for electron-impact ionization: 
 
For ionization of atom or molecule with ionization potential IE  
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Super-elastic collisions: 
 
For de-excitation of state j (higher energy) to state i (lower energy) having energy separation ijE  
 

( ) ( )ijji
ij
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( )εσ ij is the excitation cross section of state j (higher energy) from state i (lower energy) 

jg  is the degeneracy of state j. 
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REVIEW: OBTAINING THE ELECTRON TEMPERATURE

1. ELECTRON TEMPERATURE is obtained from a power balance

d
dt  

3
2 kBOLTZTene

 
 

 
   =   

ne q2E2

m kmN        –       ne 
2me
M

 
 

 
  km N 

3
2  kB (Te – Tg)

Total energy

density of electrons
 
  

 
  

j • E

power deposition
 
  

 
  

power loss due

to elastic collisions
 
  

 
  

– ne N ∑
i

  ki ∆εi

power loss due to

inelastic collisions
 
  

 
  

In principle, you can solve for Te if you know the value of E/N.

Te = Tg + 
2

3kBOLTZ
  

1
2me
M

 
 

 
 

q2

mekm
2

E
N

 
 

 
 

2
−

ki∆ε i
i

∑
km

 

 
 
 

 

 
 
 

The electron temperature is elevated above the gas temperature due to heating by the

electric field.  Inelastic collisions reduce temperature.

2. DOMINANT LOSSES of electrons and ions in many low pressure glow discharges is by

diffusion

∂ne
∂t     =   ne kION N  –  ne katt N  +  ∇ • D∇ne

Ionization Attachment Diffusion

If the diffusion coefficient is independent of position then

∂ne
∂t     =  … + ∇  • D∇ne   =   D∇2ne   ≈   

−D

Λ2  ne



where Λ = diffusion length of container

= 
L
π (L = spacingbetweenparallelplates)

= 
R

2.405   (R = radius of discharge tube) 

3. IF DIFFUSION DOMINATES then the continuity equation is homogenous; and you cannot

solve for ne in the steady state. The electron density must be obtained from another

relationship, such as that for the current density.

∂ne
∂t     = ne kION (Te)N – ne 

D(Te)

Λ2    =   0

kION (Te)N – 
D(Te)

Λ2    =   0

Since, however,  kION and D are functions of Te, then you can solve for Te from the

continuity equation by requiring that the source of electrons by ionization be balanced by

the loss of electrons by diffusion.

kION (Te)N = 
D(Te)

Λ2

Once you solve for Te from this equation, you can solve for E/N from the energy balance

equation.
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DERIVATION OF EINSTEIN RELATION

In equilibrium, the density of particles having temperature T in an electric potential U is

N = No exp 
qU
kT

 
 

 
 ,   q = ± e

where k = Boltzmann's constant.  The gradient of particles due to a gradient in potential is

∇N =
q

kT ∇U • No exp
qU
kT

 
 

 
 

 
 

 
 =

q
kT ∇U •N

where the Electric field is  -∇U.  The total flux of particles at equilibrium is zero, and is

j = ± µ ∇U• N − D ∇N = 0

= µ ∇U •N − D
q

kT
∇UN

= ± ∇U • N µ −
De
kT

 
 

 
 = 0

D =
kTµ

e

where µ is the mobility  (
cm2

V −s ) and D is the diffusion coefficient  
cm2

s .
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DERIVATION OF AMBIPOLAR DIFFUSION COEFFICIENT AND  
AMBIPOLAR ELECTRIC FIELD 

 
Start with continuity equations for electrons and ions.  This accounts for transport due only to 
diffusion processes.  This would be, for example, for transport of electrons and ions to the walls 
in a narrow plasma tube whose length is much greater than the radius.  The transport of electrons 
and ions along the axis of the plasma tube due to an externally applied electric field is not 
accounted for here.  The ambipolar electric field included here is a self generated electric field to 
keep the flux of electrons and ions to the walls equal – it is not the applied electric field along 
the axis. 
 
∂ne
∂t    =  – ∇ • Γe  =  – ∇ • (–De ∇ne - µe EA ne) = De∇2ne + µe EA ∇ne + µe ne ∇⋅EA  

∂NI
∂t    =  – ∇ • ΓI  =  – ∇ • (–DI ∇NI + µI EA NI) = DI∇

2NI - µI EA ∇NI - µI NI ∇⋅EA   

 
Where  
EA  Ambipolar electric field (V/cm) 
ne, NI    Electron, ion density (1/cm3) 
Γe , ΓI   Electron, ion flux (1/cm2-s) 
µe , µI    Electron, ion mobility (cm2/V-s) 
De , DI   Electron, ion free diffusion coefficient (cm2/s) 
 
Assuming that ∇ • EA  =  0  then  
 

 
∂ne
∂t    =  De ∇2ne + µe EA ∇ne  (a) 

 
∂NI
∂t    =  DI ∇2NI - µI EA ∇NI  (b) 

 
Multiply (a) by µI,  multiply (b) by µe, and add them together while assuming that ne  =  NI , 
∂ne
∂t    = 

∂NI
∂t    , ∇ne = ∇NI  and ∇2ne = ∇2NI  then 

 

µI,
∂ne
∂t    =  µI,De ∇2ne + µI,µe EA ∇ne 

µe 
∂NI
∂t    =  µe DI ∇2NI - µe µI EA ∇NI 
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One then obtains 
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where the ambipolar diffusion coefficient is: 
 

DA  =  DI 
1+

De
DI

µ I
µe

⎛ 
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1+ µ I
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Using the Einstein relation  D  =  
kT
q   µ   and assuming that µe >> µI, then 
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Both electrons and ions appear to diffusion with the same coefficient, DA, which includes the 
effects of both their own free diffusion and the acceleration by the ambipolar electric field, EA.  
 
We can now solve for EA.  Starting with the expressions for fluxes, subtract Γe from ΓI (noting 
that Γe = ΓI), and solve for EA. 
 

AIIIII

Aeeeee
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For   De >> DI,  µe >> µI,  q
Tk

n
nD

n
nE eB

e

e

e

e

e

e
A

∇
−=

∇
−≈

µ
 

For 
Λ

∇
1~   (Λ is the diffusion length), then 

q
TkE eB

A Λ
≈

1 . 
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DOES AMBIPOLAR DIFFUSION

VIOLATE THE DEBYE SHIELDING REQUIREMENTS?

Debye shielding states that the distance over which a charge separation ∆n can be
sustained is

λD = 
εokTe

q2∆n

 
 
  

 

1/2

≈ 750
Te
∆n

 
 

 
 

1/2
cm

where Te (electron temperature) is in eV and ∆n is in units of cm–3.  According to ambipolar
diffusion theory, plasmas in containers actually are slightly electropositive.  The slight positive
space charge generates an electric field which accelerates ions out of the plasma and “holds
back” electrons.  This field (in plane parallel geometries) is

EA =  
π
L

kTe
q tan 

πx
L

 
 

 
 

where the separation between the plates is L. The implied charge separation can be obtained

from applying Poisson’s Equation ∇ • E =
ρ

εo
.

dEA
dx =

q∆n
εo

=
d
dx

π
L

kTe
q tan

πx
L

 
 

 
 

 
 

 
 =

π
L

 
 

 
 

2 kTe
q

1

cos2 πx
L( )

Solving for ∆n we have

∆n(x) =
εokTe

q2
π
L

 
 

 
 

2 1

cos2 πx
L( )

Using typical values (L = 2 cm, kTe = 1 eV) we have

∆n(x) =
106cm −3

cos2 πx
L( )

=
∆no

cos2 πx
L( )

The charge separation (or depletion of negative charge) is small and increases towards the wall

where the E-field also increases.  If we solve for 
L
π , the diffusion length, we get

L
π =

1

cos πx
L( )

 

 
 

 

 
 •

εokTe

q2∆n(x)

 

 
  

 
 
1/ 2

=
εokTe

q2∆no

 

 
  

 
 

1/2

= λo

where λo is the Debye length based on ∆no.  So we see that the charge separation dictated by
ambipolar diffusion over the diffusion length of the container is consistent with a Debye length
of the same distance.  (Remember that λD is really based on maximum charge separation and not
maximum or total density.)
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EXAMPLE:  CYLINDRICAL GLOW DISCHARGE PARAMETERS

What are the electron density, electron temperature and self-sustaining electric field in a low
temperature plasma having the following properties?

j = 10 mA
cm2 ,    cylindrical tube 1.5 cm diameter

P = 3 Torr,    Tg = 400 K,   Mg = 40 AMU,   DION = 100 cm2

s

km = 3 × 10–7 cm3

s
,   kion = 3 × 10–11 exp −∆ε

Te

 
  

 
  cm3

s ,   ∆ε = 9 eV

ELECTRON TEMPERATURE (assume diffusion losses dominate):

∂ne

∂t  = 0 = ne · kION · NG – 
DAN+

Λ2  = 0

ne ≈ N+,    Λ = R
2.405 ,    DA = DI 1 +

Te
TI

 
  

 
  ,    TI ≈ Tg

NG = 
9.654 ×1018 × 3 Torr

400K = 7.24 ×1016cm −3

3 ×10−11 exp −9 eV
Te

 
  

 
  cm3

s ⋅7.24 ×1016cm−3

= 100 cm2

s × (2.405)2

(1.5/2)2cm 2 1+ Te

(400/11594.2) eV
 
  

 
  

Solve for Te and find Te = 2.76 eV.

AXIAL ELECTRIC FIELD:

Te = Tg + 2
3kB

1
2m e

M( )
q2

mekm
2

E
N( )2 −

k I ∆ε
km

 

 
  

 

 
  

E
N( )= 2me

M
 
  

 
  32 kB Te − Tg( )+ kI ∆ε

km

 
 
 

 
 
 mekm

2

q2

 

 
 
 

 

 
 
 

1/2



2

= 2 × 0.911 ×10−27g
40 ×1.67 ×10−24 g

 

 
  

 

 
  ×

3
2 2.76 − 400

11594.2( )eV +
3 ×10−11exp −9

2.76( )⋅ 9 eV

3 × 10−7

 

 
  

 

 
  

 

 
 
 

⋅1.6 ×10−19 J
eV ⋅ 0.911 ×10−30 kg

(1.6 ×10−19 c)2 × 3× 10−7 cm3

s ×10−6 m3

cm3

 
  

 
  

2 

 
 
 

1/2

= 8.65 ×10−21 J
c ⋅ m2 = 8.65 ×10−21V ⋅ m2 × 104 cm2

m2

 
  

 
  

E
N( )= 8.65 × 10−17V - cm2 = 8.65 Td

E = E
N( )⋅ N = 8.65 ×10−17 ⋅ 7.2 ×1016V - cm 2 × 1

cm 3 = 6.2 V
cm

ELECTRON DENSITY:

j = σ · E = q · ne · µ · E = 
q2 ⋅ ne ⋅ q

meνm
⋅ E = q2 ⋅ ne

me ⋅ km
⋅ E

N( )

n e = j ⋅ me ⋅ km

q2 ⋅ E
N( )

=
10 ×10−3c / cm 2 - s( )⋅ 0.911×10−30 kg × 3 ×10−7 cm3

s

(1.6 ×10−19c)2 ×8.65 ×10−17 kg - m2 ⋅ cm2

s2 - cm c
×104 cm2

m2

=1.23 × 1011cm −3
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f(ε) Notation -1

NOTE ON NOTATION

The electron distribution function technically has units of (VELOCITY)–3 or (eV)–3/2.  This results

from the normalization

  
f (
v 
v ) d

3
V =1∫

When this is translated to an energy representation, then we have

  

f (ε) ε1/ 2
dε

Differential
1 2 3 = 1∫

corresponding to d3V

where f(ε) retains the normalization of (eV)–3/2.  Now people will very often lump the ε1/2 into

the distribution function

f (ε) dε =1∫

so that f ( ε) = f (ε) ε1/ 2  which has units of (eV)–1.  The units of f(ε) tell you which normalization is

used.  Also f ( ε) (eV
−1)  is always zero at ε = 0 whereas f(ε) eV–3/2 is not (it is finite at zero)

f(ε) eV   –3/2  

f(ε) (eV    )–1
_



  f(
v 
v ) vs f(v) vs f(ε)

  f(
v 
v )  has normalization

  
fo(

v 
v )d3v =1, fo(

v 
v ) ≡eV−3/ 2∫

When using the Spherical Harmonic Expansion,   fo(
v 
v ) → fo(v)  (function of speed v

instead of velocity   
v 
v ).  The normalization is then

fo(v) 4πv2dv, fo(v)≡ eV−3/ 2∫
where 4�v 2dv is the volume element (a spherical shell in velocity space).  Once we have
f(v) we can equivalently express the distribution as f(ε), where

1
2  me v2 = ε

mev dv = dε,          dv = 
dε

mev
=

dε
(2meε)1/ 2 , v =

2ε
me

 
 

 
 

1/ 2

Therefore

fo(ε) dε = fo(v) d3v

Normalization eV–1: fo(ε) eV–1   =   fo(v) 
4πv2dv

dε =
4π 2
me

3/2   ε1/2 fo(v)

or

Normalization eV–3/2: fo(ε) eV–3/2   =   
4π 2
me

3/ 2 fo(v)

Boltzmann’s equation 
∂

∂z =
∂
∂t = 0, elastic collisions only

 
 

 
  in an energy

representation is then

∂
∂ε

q2E2ε
3N σm(ε)

∂fo(ε)
∂ε

 
 

 
 

 

 
  

 
 +

2me
M

∂
∂ε ε2Nσm(ε) fo(ε)+ kTg

∂fo
∂ε

 
 

 
 

 
  

 
  

 

  
 

  = 0

where fo(ε) = eV–1.



1

SPHERICAL HARMONIC EXPANSION

1. Expand the electron velocity distribution in a series of Legendre polynomials.  Each term in
the series brings in more anisotropy

  
f
v 
v ,
v 
r , t( ) = Pk (cosθ) fk v,

v 
r , t( )

k =0

∞

∑

where   
v 
v  is the vector velocity and v is the speed.

a.  θ is measured from the direction of   
v 
E ,

usually aligned along   
v 
v z .

b.  fk is a function only of   
v 
v k  = v.

fk + n << fk

c.  Pk(cos θ) is the kth Legendre polynomial

k
0 P0(cos θ) = 1 -Isotropic component

1 P1(cos θ) = cos θ -Drift in direction of
field

θ  

vy  

φ  

vx  

vz || E  

v  

2 P2(cos θ) = 1
4

 (1 + 3 cos 2θ)    -Higher order transport

= 1
2  (3 cos2 θ – 1)

2. Keep only the first two terms

  
f
v 
v ,
v 
r , t( ) = f0 v,

v 
r , t( ) + f1 v,

v 
r , t( )cosθ, f0(v)4πv2dv = 1

0

∞

∫

where f0 is the isotropic component.  Substitute into Boltzman’s equation with

  

v 
E = Ezˆ z ,

v 
a = −q

v 
E 

me
.  (See Appendix A of Cherrington.)

a.  
∂f0

∂t + v
3

∂f1

∂z −
qEz
me

1
3

1
v2

2
2v v2f1( )= S0

b.  
∂f1
∂t + v

∂f0

∂z −
qEz
me

∂f0
∂v = S1



2

Sk = 2k + 1
4π Pk

∂f
∂t( )

c
dΩ∫

3. Elastic collisions only:

For ∂f
∂t

= 0, ∂
∂z

= 0 , and elastic collisions only.

So = 1
2v2

∂
∂v

v2δνm(v)
kTg

me

∂f0

∂v
+ vf0

 

 
 

 

 
 

 

 
  

 

 
  

δ = 2me

M , νm = v ⋅ N ⋅σm (v)

Solve for S1 from b. and substitute into a.

f1 =
qEz

meνm

∂f0
∂v

Note that f1 is finite (e.g., anisotropic) only for E � 0.

−qEz
me

1
3

1
v2

∂
∂v

v2 qE
me νm

∂f0

∂v
 
 
 

 
 
 = 1

2v2
∂
∂v

v2δνm

kTg

me

∂f0

∂v + vf0
 

 
 

 

 
 

 

 
  

 

 
  

Note: f0(ε) = 4π 2 f0 (v)ε1/2/me
3/2, v = 2ε

me

 
  

 
  

1/2

dv = dε
mev

= dε
2meε( )1/2

In energy representation

∂
∂ε

q2Ez
2ε

3Nσm(ε)
∂f0

∂ε
 
 
 

 
 
 

 

 
  

 

 
  +

2me
M

∂
∂ε ε2Nσm (ε) f0 + kTg

∂f0

∂ε
 
 
 

 
 
 

 

 
 

 

 
 

 

 
  

 

 
  = 0

In velocity representation, solve for 
∂f0

∂v .

∂f0

∂v =
me
kTg

vf0

 

 
 

 

 
 1+ 2

3
1

δkTgνm
2 ⋅ q2E2

me

 

 
  

 

 
  



0

0.1

0.2

0.3

0.4

0.5

0.6

0 1 2 3 4 5 6

Druyvestine

Maxwellian

Electron Energy / “Te”



MOM.TRANSF.

VIBRATION

ATTACHMENT

EXCITATION.

IONIZATION

0.0

0.5

1.0

1.5

2.0

2.5

3.0

1 10 100

CUT-OFF

MOMENTUM TRANSFER AND ELECTRONIC EXCITATION

F(E) EXCITATION ONLY

1
1.5

2

3

60
40

80
10 0

15
6

E/N (Td)

ELECTRON ENERGY (eV)

10 20 30 400

102

101

100

10-1

10-2

10-3

10-4

10-5

10-6

10-7

E/N [Td (10 -17  V-cm 2)]



10
8

E/N (Td)
20

30
40

15

RUN-AWAY

CUT-OFF

MOM.TRANSF.

VIBRATION

ATTACHMENT

EXCITATION.

IONIZATION

F(E) VIB

0

1

2

3

4

5

0 5 10 15 20 25 30 35 40

CUT-OFF

RUNAWAY

E/N [Td (10 -17  V-cm 2)]
ELECTRON ENERGY (eV)
10 20 300

101

100

10-1

10-2

10-3

10-4

10-5

10-6

10-7

1 2 3 4.5
6

CUT-OFF

1 2 3 40

102

100

10-2

10-4

10-6

MOMENTUM TRANSFER and VIBRATIONAL EXCITATION



MOM.TRANSF.

VIBRATION

ATTACHMENT

EXCITATION.

IONIZATION
ALL COLLISIONS

F(E) ALL

10 60
20

40 80 10 015

8

E/N (Td)

VIB. EXC.

0.0

0.5

1.0

1.5

2.0

2.5

0 20 40 60 80 100 120

ION-XS
CUTOFF

EXC-XS
CUTOFF

VIB-XS
CUTOFF

E/N [Td (10 -17  V-cm 2)]

1 2 3 40

102

100

10-2

10-4

10-6 1 2 3 4.5 6

CUT-OFF

ELECTRON ENERGY (eV)

10 20 30 400

102

101

100

10-1

10-2

10-3

10-4

10-5

10-6

10-7



AR_XS_EED.CDD



CF4_XS_EED.CDD



N2_XS_EED.CDD



1

DRIFT VELOCITY FROM BOLTZMANN’S EQUATION

From the two-term spherical harmonic
expansion

  f(
v 
v )  = f0(v) + f1(v) cos θ

f0(v)2πv2 sinθ dθ dv
0

π

∫0

∞

∫  = 1

f1(v) = qE
me νm (v)

∂f0 (v)
∂v

Drift velocity for   
v 
E = Eˆ z  is vz.

vz 

θ 

vx 
vy 

E 

v 

vd = vz = vcosθ = f0(v) + f1(v) cosθ( )vcosθ 2πv2 sinθ dθ dv
0

π

∫0

∞

∫

Since f0 is isotropic, f0 cosθ dΩ∫  integrates to zero.

vd = qE
mνm

∂f0
∂v

2πv3 cos2 θ sinθ dθ dv
0

π

∫0

∞

∫

vd = − 4π
3me

∂f0

∂v
1

νm (v) v3dv
0

∞

∫
 
 
 

 
 
 E = µE

where the mobility µ = − 4π
3me

∂f0

∂v
1

νm (v) v3dv
0

∞

∫
 
 
 

 
 
 

If νm(v) = constant, then

µ = q
me νm

− 4
3 π

∂f0

∂v
v3dv

0

∞

∫
 
 
 

 
 
 = q

meνm

where the brackets integrate to 1.



2

DIFFUSION FLUX AND COEFFICIENT FROM BOLTZMANN’S EQUATION

From the two-term spherical harmonic expansion,

∂f1
∂t

+ v
∂f0

∂z
−

qEz
me

∂f0
∂v

= −νmf1

where f0 2πv2 sinθ dθ = n0∫ , the average electron density.

Set ∂
∂t

= 0  and E = 0 (only “thermal motion”)

v
∂f0

∂z
= −νmf1, f1 = −v

νm

∂f0

∂z

The diffusion flux in the z direction is Γz = n0vz = n0 < v cos θ > = v z (f0 + f1 cosθ) d3v
0

π

∫0

∞

∫ .

Since f0 cosθ dΩ∫  integrates to zero, then

Γz = v zf1 cosθd3v
0

π

∫0

∞

∫

= v cosθ −v
νm

∂f0

∂z
 
 
 

 
 
 cosθ 2πv2 sinθ dθ dv

0

π

∫0

∞

∫

= − 2πv2

νm

∂f0
∂z

v2 cos2 sin θ dθ dv
0

π

∫0

∞

∫

= − 4πv2

3
v2

νm

∂f0
∂z

dv
0

∞

∫ = −n

Γz = − ∂
∂z

4
3 πv2 v2

νm
f0dv

0

∞

∫
 
  

 
  

Now returning to the momentum conservation equation we have

∂(nv)
∂t = − ∇P

m − nvνm = 0

− ∇nkT
m = nvνm

Γz = nv z = − ∇nkT
mνm

= − kT
mνm

∇n = −D∇n



3

where we assume T = constant and the diffusion coefficient D = kT
mνm

 (also called the Einstein

relation).

So we see that obtaining the conventional expression for diffusion flux as described by Ficks
Law requires as a minimum that temperature T not be a function of position.  However to go
from our expression for Γz to Ficks Law we must also assume the νm(v) = constant and the f0(v)
is a Maxwellian.  We then have

Γz = − 1
νm

∂
∂z

4
3 πv2f0v2dv

0

∞

∫
 
  

 
  = − 1

νm

∂
∂z

nkT
m[ ]

= − kT
mνm

∂n
∂z = −D ∂n

∂z
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ANALYSIS OF THE CATHODE FALL OF A NORMAL GLOW

cathode 

j0 I 

j0 e 
e’s 

ions 

Φ I 

Φ e = γΦ Ι  V0  

d 

j0I = current density of ions at
cathode (A/cm2)

j0e = current density of e’s at
cathode (A/cm2)

V0 = voltage drop across cathode
fall

d = thickness of cathode fall
(cm)

Assume ne << NI and the NI ≅ constant in the cathode fall.  Poisson’s equation becomes

∂E
∂x

=
ρ
ε0

=
q( N I − n e )

ε0
≈

qN I

ε0
≈

jI

ε0v I
≈ constant

IdriftI Nvqj ⋅⋅=       so that       
I

I
I qv

j
N =

Integrating,    E(x) = E 0 1 − x
d( ), E 0  is electric field at the cathode where E 0  >> E in positive

column.  The cathode fall voltage drop is v 0 = − E0 1 − x
d( )

0

d

∫ .

d
V2

E,
2

dE
V,

d2
x

xE)x(V 0
0

0
0

2

0
−

=
−

=









−−=

Ions striking the cathode produce electrons by secondary emission with probability γ.  The
secondary electrons are accelerated back into the plasma producing ionizations in the dark space
with Townsend coefficient α.

j0   =   j0I + j0e   =   j0I + γj0I   =   (1 + γ)j0I

With j0I = qNIvI,    vI = µ IE0,



2

∂E
∂x x=0

=
E 0

d
=

qN I

ε0
, N I =

ε0 E 0

dq
       so       j0 I = q ⋅

ε0 E 0

dq
 
  

 
  ⋅ µ IE 0 =

ε0µ IE 0
2

d

The total current density is then

3

2
0I0

2
0I0

I00
d

V4)1(
d

E
)1(j)1(j

µεγ+
=

µε
γ+=γ+=

Define je = electron current at edge of dark space

Cathode 
Dark 
Space Negative Glow 

j0 e = γj0 I 
je 

je >> j I 

jI j0 I 

Since je >> jI then

j0 = j0e + j 0I = je + j I ≈ j e , j0 I = j0 − j0e ≈ je − j0e

But j0 e = γj0 I = γ ( j0 − j0 e ) ≈ γ ( je − j0e )

j0 e ≈
γ

γ + 1

 
 
 

 
 
 je

The electron current from the cathode through the dark space is amplified by electron impact
ionization

dj
dx  = j · α(x),       α = First Townsend Coefficient

j e = j0 e exp α( x)dx
0

d

∫
 
  

 
  

= j0 e exp α E
N ( x)( )dx

0

d

∫ 
  

 
  



3

With j0 e ≈
γ

γ + 1

 
 
 

 
 
 je ≈

γ
γ + 1

 
 
 

 
 
 j0e exp α(x )dx

0

d

∫
 
  

 
  

ln 1 + 1
γ

 
 
 

 
 
 = α E

N (x)( )dx
0

d

∫

where E(x) = 
d
V2

E,
d
x

1E 0
00

−
=






 −

From empirical data,

α = A ⋅ p ⋅ exp
−Bp

E
 
  

 
  

p = pressure (Torr),        A = 1
cm - Torr ,        B = 

Torr-cm
V

So, ln 1 + 1
γ

 
 
 

 
 
 = Ap exp

− Bp

E 0 1 − x
d( )

 

 
  

 

 
  dx

0

d

∫

The integral can be solved analytically





















=








γ

+
B)pd(

V2
S

V2
B)pd(A1

1ln 0

0

2

where       S(x) = e
−1

y dy
0

x

∫ = xe
−1

x − E1
1
x( ), E1 =  Exponential Integral.

We can now solve for V0 in terms of d.  A second relationship between v0 and d is

3
I

2
00

0
d

)1(V4
j

γ+µε
=

We could in principle solve for two of j0, V0 and d as a function of the third.  Up to now, there is
nothing unique to the normal glow.

Define two functions

C1 = 2 A

B ln 1 + 1
γ( ), C 2 =

ln 1 + 1
γ( )

ε0AB 2p 2 ( p ⋅ µ I )(1 + γ )



4

where 





















⋅=

1/3

02

01
2/3

02

1/3
01

jC
VC

S
)jC(

)VC(
1

Note:  Since µ I ~ 1
ν I

~ 1
p , then pµ I is a constant.

If µ0 is the mobility at pressure p0, µ I = µ0 
p0

p
.

Plot all points satisfying relationship

Abnormal 

C1 V0  

Minimum V 0 , j0  ⇒ Normal Glow  

C2 j0  

Minimum occurs at: C1 VNORMAL = 6.0

C2 jn = 0.67

which yields

≡







γ

+=
1

1ln
A
B3

Vnormal  function of gas, metal but not pressure

jn = 5.92 ×10 −14[ ]⋅ AB 2 ( µ0 p0 )(1 + γ )

ln 1 + 1
γ( ) ⋅ p

2



5

where 
2n

cm

A
j,

Torrcm
V

B,
Torrcm

1
A ≡

−
≡

−
≡

p ≡ Torr , µ0 ≡ cm 2

v − s
 is the mobility at p0

Note that jn ~ [function of gas type, metal] · p2 ~ p2

Combine to find dnp = 0.82
A ln 1 + 1

γ
 
 
 

 
 
  ≡ function gas type and metal

Typical values are Vn ≈ 100-300 V,      dnp ≈ 0.25-2.5 Torr-cm

j n

p2 ≈ 0.005 − 0.5 mA
cm 2 Torr 2
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W Values 
 

A “W” value is the energy deposition in a gas required to produce “an event” such as 
ionization or excitation.  A large W-value implies that the process is less efficient than one with a 
small W-value because more energy is required to produce the event.  The W-value is used to 
denote, for example, the rate of ionization or excitation in electron beam pumped plasmas.  The 
rate of ionization is 

[ ]( ) scm
sionization

eVorJW
cm
WP

dt
ed

3

3

−









=
][  

 
where P is the power deposition in the plasma.   
 
 In general, for power deposition by high energy electron beams [V(e-beam) > 5-10 kV] 
the W-value is fairly constant and scales as 
 

ionizationexcitation

ionization

Wx2W
potentialionizationx281W

≈
−≈ .

 

 
Since excitationionization WW < one gets more ionizations in the slowing of a high energy electron beam 
than excitations.  This results from the energy degradation being monotonically from higher 
energies to lower energies where ionization cross sections are larger.  For high energy beams 
slowing in rare gases, 
 

 Ionization 
Potential 

(eV) 

Wionization 
(eV) 

Wexcitation 
(eV) 

Ionization / 
Excitation 

“G-value” 
(Ionizations for 100 

eV of deposited 
energy) 

He 24.6 46.8 72.0 1.54 3.53 
Ne 20.1 36.5 81.8 2.24 3.96 
Ar 15.8 27.3 53.8 1.97 5.52 
Kr 14.0 23.6 44.5 1.89 6.48 
Xe 12.1 20.9 34.8 1.67 7.66 

 
In a gas discharges, electrons are being accelerated from lower energies to higher 

energies, and so encounter excitation cross sections before ionization cross sections.  The rates of 
excitation are therefore larger than for ionization.  For example, for a gas discharge in xenon, 
 

E/N (Td) Ionization / 
Excitation 

50 0.014 
100 0.08 
150 0.16 
200 0.22 

 





















I (amps)

V (volts)

Electrons to #2

Electrons to #1

Ions to #1

Ions to #2
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I to #2
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RF V-I SYMMETRIC

I = j.A
A1 = A2
I1 = I2

VDC=0
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V (applied)

I (amps)

V (volts)

Electrons to #2
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I = j.A
A2 > A1
I2 = I2

VDC < 0

I to #2

I to #1

RF V-I ASSYMMETRIC-WITH DC BIAS

VDC (self-bias)









118

B.  Simple Power Balance Model for RF Discharges

1. Assume Vsheaths > Vbulk.  We control j0, ω, dimensions

2. Power deposition is by

a. Electron heating in the bulk
b. Ion bombardment of electrodes
c. Secondary electron emission with acceleration back into the plasma
d. Stochastic heating

~  
Rbulk  

Rion, electron  

I  

VRF/2  

Time Average  

e  

V = VRF sin ωt  
I = j · A
j = j0 cos ωt  

3. Current through sheaths is dominantly capacitive with

~  

ds  
ds  

lbulk  

L  

h  

W  
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4. Bulk electron heating:  PB (Watts)

PB = < j ⋅ E >RMS ⋅ dVbulk =
j2

σ
 

 
  

 
 ⋅∫∫ dVbulk , σ = conductivity

= 1
2

j0
2 meνm

q2ne

 

 
 

 

 
 ⋅ lB ⋅ h ⋅ w

5. Ion acceleration:  PI

a. Assume that there is no recombination or attachment in the bulk plasma.  (ne = nI)
b. Every ion produced in the bulk is lost to the electrodes.
c. Ions enter the sheath with the Bohm speed.

(ne ⋅ kion ⋅ Ngas ) ⋅ dVbulk =∫ n I ⋅ uBohm ⋅ dA
sheath∫ electrodes

ne kion Ngas lB · h · w = nI uBohm · w · h · 2

PI = nI · uBohm · w · h · 
qVRF

2 +
qkTe

2
 
 

 
  · 2

Where the first term is the ion acceleration in the sheath, the second term is the Bohm speed

contribution, and the last “2” is for 2 electrodes.

6. Secondary Electron Power:  Pe

For every ion striking the electrode we get γ electrons which accelerate back into the plasma.

Pe = γ
qVRF

2
 
 

 
  · nI · uBohm · w · h · 2

where the last “2” is for two electrodes.
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7. Stochastic electron heating:  Ps

a. Electrons are accelerating by advancing sheath in the same manner as an elastic collision

of a ball from a piston.

usheath (piston)  

uincident   

ureflected  

urefl = –uinc + 2usheath  

b. 

The power into the electrons for 2 sheaths is then

Ps = 2
1
2

me
u sh

∞
∫ urefl

2 − u inc
2( )

energy gain

⋅ u inc − ush( )
rate of collision

nef(u inc) ⋅du inc ⋅ w ⋅ h

= −2 ⋅ 2me ush u inc − ush( )2nef(u inc) ⋅du inc ⋅ w ⋅ h
u sh

∞
∫

Assume that usheath = u0 sin ωt and integrate over time

Ps ≈ 2 · 2mene u0
2 u inc f(uinc ) duinc ⋅ w ⋅ h

ush

∞
∫

Since ush << <uinc>, then set lower limit to zero.  Note that

u incf(uinc ) duinc =
v th
40

∞
∫

so

Ps = 2 · 
mene u0

2

2  vth · w · h
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The conduction current in the bulk plasma must equal the rate at which the electrons are

swept out by the sheath, so

j0 = q · ne · u0

Ps = 
mev th

q2ne
j0
2  · w · h

8. The total power deposition is then:

Ptotal = Pbulk + Pe−sec + Pion + Pstochastic

= 1
2 j0

2 meνm

q2ne

 

 
  

 
 ⋅lB ⋅ h ⋅w

+ 2 ⋅ ne ⋅ uBohm ⋅ qVRF
2

(1+ γ) + kTe
2

 
 

 
 ⋅ h ⋅ w

+
mev th

q2ne

j0
2 ⋅ h ⋅ w

9. To complete the analysis, we need a relationship between VRF and j0, ne and Te.

VRF If we assume that the majority of the applied voltage is across the sheaths,

then on the average

NI = ne  NI  

ds  

0  

ρ = ne   ρ = 0  

VRF ≈ E ⋅ dx
0

d s
∫ = −

qne ds
2

2ε0
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Since the capacitive current through the sheath is

I = Cs 
dVRF

dt ,       Cs = 
w ⋅ h ⋅ε 0

ds

then j0 = 
ε0
ds

 VRF ω,       VRF = 
j0ds
ε0ω

Since ds = 
2VRFε0

qne

 
 

 
 

1/2

=
2j0

ωqne
  then

VRF = j0 
2VRFε0

qne

 
 

 
 

1/2 1
ε0ω , VRF =

2j0
2

ε0qω2ne

Te The electron temperature comes from the ion balance:

ne · kion · Ngas · lB · w · h = nI · uB · w · h · 2

kion (Te) · Ngas · lB = uBohm · 2 = 
kTe
MI

 
 

 
 

1/2

· 2

ne The electron density is obtained by equating all sources of electron heating to the

power dissipation

(Power into e’s) = ∑ (elastic + inelastic losses)

PB + Psh + PR = neNG 
2me
M

3
2 kBoltkmom(Te − Tg) + ∆ε i

i
∑ k I

 

 
 

 

 
 · lB · w · h
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    EXAMPLE    : Argon RF discharge, 100 m Torr

w = 2 π · 13.56 MHz

j0 = 25 
mA

cm2 ,       L = 5 cm,       γ = 0.05

M = 40 AMU          Relectrode = 10 cm

kion ≈ 10–8 Te
1/2 16eV

Te
+1

 
 

 
 exp

−16
Te

 
 

 
 

cm3

s ,       ∆ε = 16 eV

kexc ≈ 2 × 10–8 Te
1/2 12eV

Te
+1

 
 

 
 exp

−12
Te

 
 

 
 

cm3

s ,       ∆ε = 12 eV

kmom ≈ 5 × 10–8 
cm3

s

Te If we approximate lB = L – 2ds ≈ L, then

kion · Ngas · lB ≈ uBohm · 2 = 
kTe
MI

 
 

 
 

1/2

· 2 ≈ kion · Ngas · L

3.2 × 1016 cm–3 10–8 TeV
1/2 16eV

TeV
+1

 
 

 
 exp

−16eV
Te

 
 

 
 ⋅ L =

1.6 × 10−12TeV
Mion

 

 
  

 
 

1/2

· 2

Te = 1.73 eV

ne PB + Pstochastic + Pe = elastic + inelastic

(Assume γ = 0 for ne …)

hw
1
2 j0

2 meνm

q2ne
⋅ L +

meVth

q2ne
j0
2 

  
 

  

= ne NG νm
2m e
M

 
 

 
 

3
2

kB(Te − Tg) + neNG (∆ε k ion + ∆ε kexc) 
  

 
  hwL

ne ≈ 2.38 × 1010 cm–3
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ds (Sheath Width)

ds =
2j0

ωqne
= 2 × 25 ×10−3

2π × 13.56 ×106 ×1.6 × 10−19 × 2.38 ×1010
c − s cm3

cm2 − s − c

= 0.154 cm (<< L = 5 cm)

(Note:  With the known value of ds, you can now replace L with lB = L – 2ds in the expression

for Te to get a more accurate temperature.)

VRF VRF = 
j0ds
ε0ω = 25 × 10−3 ⋅ 0.154

8.85 × 10−14 × 2π 13.56 × 106
c − cm J − cm − s

cm2 − s − c2

= 511 V

Ptotal

Pbulk =

1
2 j0

2 meνm

q2ne

 

 
  

 
 ⋅ (L − 2ds )πR2 = (25 × 10−3)2 0.911× 10−27 ⋅1.6 × 108(5 − 2 × 0.154)

2(1.6 ×10−19 )2(2.38 × 1010)

ergs

cm2 − s
πR2

= 35.1 
mW

cm2 ⋅πR2 = 11.0 W         (7.4%)

Psheath
stochastic

= me ⋅ Vth

q2ne

j0
2 πR2 = 2 × 0.911 ×10−27 ⋅1.12 ×108(25 × 10−3)2

(1.6 × 10−19)2 2.38 × 1010
ergs

cm2 − s

= 20.9
mW

cm2 ⋅πR2 = 6.58 W (4.4%)

Pion
acceleration

= 2 ⋅ ne ⋅ uBohm ⋅ qVRF
2

+ kTe
2

 
 

 
 ⋅πR2

= 2 × 2.38 ×1010 1.6 × 10−12 ⋅1.73

40 × 1.67 ×10−24

 

 
  

 
 
1/2

1.6 ×10−12 ⋅ 511
2

+ 1.6 × 10−12 ⋅1.73
2

 

 
  

 
 πR2

= 397
mW

cm2 ⋅πR2 = 125 W (84.0%)

Psec = 2 · ne · uBohm · 
qVRF

2  · γ πR2 = 6.2 W         (4.2%)

Ptotal = 148.8 W
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TYPICAL PLASMA PROCESSING REACTOR

AMATET_0500_06 UNIVERSITY OF ILLINOIS
OPTICAL AND DISCHARGE PHYSICS

PUMP
PORT

DOME

SOLENOID/
MAGNETS

COILS

GAS INJECTORS

BULK PLASMA

WAFER

rf BIASED SUBSTRATE

l  The typical low pressue (< 10s - 100s mTorr) plasma processing reactor is
    powered by inductive and capactive coupling, and my have auxiliary static
    magnetic fields.







PHYSICS TO BE ADDRESSED

AMATET_0500_07

UNIVERSITY OF ILLINOIS
OPTICAL AND DISCHARGE PHYSICS

PUMP
PORT

DOME  (surface chemistry,
                sputter physics) SOLENOID/

MAGNETS
(magnetostatics)

COILS
(electromagnetics,
 circuitry)

GAS INJECTORS
(hydrodynamics)

BULK PLASMA
(plasma  hydrodnamics, kinetics,

chemistry, electrostatics,
electromagnetics)

WAFER

rf BIASED SUBSTRATE (circuitry)

 WAFER

E-FIELD
(sheath physics)

POLYMER
(surface chemistry
sputter physics)

M+e
Secondary emission
(beam physics) PROFILE EVOLUTION

(surface chemistry,
sputter physics, electrostatics,



WALK THROUGH:  Ar/Cl2 ICP TOOL

AMATET_0500_09

          University of Illinois
  Optical and Discharge Physics

• The general properties of an Ar/Cl2 inductively coupled plasma tool will be
examined.

• The inductively coupled
electromagnetic fields have
a skin depth of 3-4 cm.

• Absorption of the fields
produces power deposition
in the plasma.

• Electric Field (max = 6.3
V/cm)

• Ar/Cl2 = 80/20
• 20 mTorr
• 1000 W ICP
• 250 V bias, 2 MHz (260 W)



Ar/Cl2 ICP TOOL: POWER AND ELECTRON TEMPERATURE

AMATET_0500_10

          University of Illinois
  Optical and Discharge Physics

• Power deposition from the inductive fields results in electron heating.
• At 2 MHz, power from the capacitive fields produces ion acceleration with

little electron heating.

Power Deposition (max = 0.91 W/cm3) Electron Temperature (max = 5 eV)

• Ar/Cl2 = 80/20, 20 mTorr, 1000 W ICP, 250 V , 2 MHz bias (260 W)



Ar/Cl2 ICP TOOL: IONIZATION

AMATET_0500_11

          University of Illinois
  Optical and Discharge Physics

• Electron impact ionization by the bulk electrons heated by the inductively
coupled fields dominates.

• Ionization by sheath accelerated beam electrons is less important due to
their long mean-free-paths at the low operating pressure.

Beam ionization (max = 1.3 x 1014 /cm3-s) Bulk ionization (max = 5.4 x 1015 /cm3-s)

• Ar/Cl2 = 80/20, 20 mTorr, 1000 W ICP, 250 V , 2 MHz bias (260 W)



Ar/Cl2 ICP TOOL: POSITIVE ION DENSITY

AMATET_0500_12

          University of Illinois
  Optical and Discharge Physics

• The diffusion of plasma from the remote sources produces a fairly
uniform positive ion density in the vicinity of the substrate.

• In general, better uniformity is obtained with a bias than without.

Positive Ion Density
(max = 1.8 x 1011 /cm3-s)

• Ar/Cl2 = 80/20, 20 mTorr, 1000 W ICP, 250 V , 2 MHz bias (260 W)
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The Variable Specific Impulse Magnetoplasma Rocket (VASIMR®)  http://www.adastrarocket.com/aarc/VASIMR 
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Probe Characteristic and Electron Energy Distribution 
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